Soil Dynamics and Earthquake Engineering 12 (1993) 103-112
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A friction controllable sliding isolation system was developed and experimentally
and analytically investigated by Feng et al. (Feng, Q., Shinozuka, M. & Fujii, S.
A. friction controllable sliding isolation system. J. Eng. Mech., ASCE, 1993,
119(6), in press), the control algorithm having been developed based on a key
assumption that the structural motion is always in the sliding phase. However,
this assumption may not be vafid in cases where the sticking phase of the
structural motion dominates. In this paper a new control algorithm is developed
including the effects of stick-slip phases. Effect of time delay is included in the
formulation. The developed algorithm is used to evaluate the accuracy and
limitations of the algorithm with continuous sliding assumption. Response to
various earthquake motions, simulated using the two control algorithms, is
presented. Comparisons with experimental results are also presented. Effects of
stick-slip phases on the response are evaluated.
INTRODUCTION

actuators in parallel with base isolation systems are
employed, have been developed recently and shown to
be effective. 12-17
A more recent novel hybrid system (see Fig. 1)
developed by Feng et al. 12'18 consists of friction
controllable sliding bearings, in which fluid under
pressure inside the fluid chamber of the bearing (see
Fig. 2) effectively controls the bearing pressure at the
sliding interface and in turn controls the level of friction
at the sliding interface. Unlike hybrid systems 14'17'19'2° in
which external control forces are exerted onto the
structural system by means of actuators or active mass
dampers, the active control in this novel system is
implemented by controlling the coefficient of friction
and hence the level of friction force at the sliding
interface. Feng et a1.12'18 conducted shake table tests and
demonstrated the effectiveness and advantages of using
such a hybrid system in structures for limiting the
transfer of seismic force to a minimum and confining the

Active control I of linear and nonlinear structures, by
means of active mass dampers, active tendon systems.
active bracing systems, and variable stiffness/damping
bracin§, has been developed and tested in the laboratory. 2- Recently full scale implementation of active
control in prototype structures has been accomplished. 4'8'9 Passive systems, in the form of base
isolation systems, both elastomeric and sliding, isolation
systems, have found widespread application, l°'ll Combined active and passive control systems, referred to as
hybrid control systems, in which active mass dampers or

*To whom correspondence should be addressed.
Soil Dynamics and Earthquake Engineering 0267-7261/93/$06.00
© 1993 Elsevier Science Publishers Ltd.
103

S. Nagarajaiah, M.Q. Feng, M. Shinozuka

104
,/Stammture

r
)

Setmor II

\i

xk

~al

co pu.r

i;

'

!]

'

; )[

I,

I

I\',

tl

11

:

," . . . .

"-'I

,i Di lae.emtmt
I

S~sor

II l /

I~

Pipe

~

'

)Control Signal

Material

I Pressure

I

Control
..............

Sliding Bearings

1

Restoring Force Device

Fig. 1. Friction controllable sliding isolation system for
buildings.

sliding displacement within an acceptable range. The
control algorithm used in the shake table study was
developed under the key assumption that the structural
motion is always in the sliding phase. This assumption
was made to simplify the derivation of the control
algorithm. However, this assumption may not be valid
in cases where the sticking phase of the structural
motion prevails over the sliding phase. 21
In order to remove the limitation of the continuous
sliding assumption, a control algorithm which can
account for the stick-slip characteristics in computing
the control force has to be developed. Control theories
and algorithms applicable to such nonlinear and
inelastic systems are limited. 12'15-17'22
This paper presents a new control algorithm,
specifically developed for the system with friction
controllable bearings, based on instantaneous optimal
control, 17'23 which accounts for the stick-slip phases
while computing the control force. Effect of time delay is
included in the formulation. The developed algorithm is
used to evaluate the accuracy and limitations of the
algorithm with continuous sliding assumption.
Response to various earthquake motions, simulated
using the two control algorithms, is presented. Comparisons with experimental results are also presented.
Effects of stick-slip phases on the response are
evaluated.

SYSTEM CONSIDERED

The hybrid isolation system using friction controllable
sliding bearings developed by Feng et al. 12'18 is
conceptually depicted in Fig. 1 with a building structure
resting on the bearings. The idealized section view of the
friction controllable sliding bearing is shown in Fig. 2.
The bearing made of steel is of disk shape containing a
fluid chamber, which is sealed by a rubber O-ring
around the circular perimeter just inside the sliding
interface. A sliding material such as PTFE plate is
bonded to the steel bearing. The friction at the sliding
interface between the bearing and the foundation is
controlled by adjusting the pressure in the fluid inside

Pressure . . . . . . . . . . . . . .

Fig. 2. Idealized view of friction controllable beating.
the fluid chamber. The fluid chamber in each bearing is
connected to a pressure control system composed of a
servo valve, an accumulator, a hydraulic pump, a
controller, and a computer. The computer calculates
an appropriate signal to control the fluid pressure based
on the observed structural response and sends it to the
pressure control system.

ANALYTICAL MODEL
A rigid superstructure supported by the friction
controllable sliding bearings is considered. Furthermore, a purely sliding system without restoring
or recentering springs is considered in this study.
The system can be modeled by a single-degree-offreedom (SDOF) model. The equation of motion of
this SDOF model under earthquake excitation is as
follows:
-x0 - f . s g n ( ~ )

(1)

where
g = relative acceleration of mass with respect to
the ground,
~0 = input earthquake acceleration,
sgn = signum function,
f = normalized friction force defined as f =- #g,
# = coefficient of friction at the sliding interface,
g = acceleration due to gravity.
The normalized friction force, f, on the sliding
interface between the structure and the foundation is
controlled by changing the fluid pressure in the bearing
chamber by means of the pressure control system. The
dynamic characteristics of the pressure control system
are assumed to follow the first-order time delay model:
rp + p = u

(2)

where
p = pressure in the fluid chamber of the bearing,
u = pressure control signal from the computer,
T = time constant.
The normalized friction force, f, is proportional to the
pressure p in the bearing chamber:
f=

-clp

+ c2

where cl and c2 are constants.

(3)
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where:

CONTROL ALGORITHMS
Two control algorithms, based on instantaneous
optimal control, 17'23 are presented. First the control
algorithm with continuous sliding (CS) assumption,
referred to as algorithm CS, developed by Feng et al. 12'18
is presented briefly. Next the control algorithm with
stick-slip (SS) phases included, referred to as algorithm
SS, developed in this paper is presented.
Control algorithm - - Continuous Sliding (CS)

c

=

6
ClAt
- -

2 T + At

dl (t - A t ) = x(t - A t ) + 5c(t - A t ) A t
+½~(td2(t - A t ) -

The optimal pressure control signal u(t) is determined
by minimizing the following time dependent objective
function J(t) at every time instant, t, for the entire
duration of an earthquake:
(4)

J(t) = qdx2(t) + q f f 2 ( t ) + ru2(t)

in which the normalized friction force, f, equivalently
represents the amount of response acceleration and also
serves as a measure of the transfer of seismic force to the
structure. The weighting coefficients qa and qr are nonnegative and r is positix, e. They indicate the relative
importance in the control objectives of the sliding
displacement, response acceleration and pressure control signal, respectively. The basic objective of the
control is to make the structure slide as much as possible
within an acceptable range and at the same time to
restrict the transfer of seismic force to a minimum.
The algorithm CS 32'18is derived under the assumption
that the structural motion is always in the sliding phase.
The equation of motion, given by eqn (1), is used as a
constraint when minimizing the objective function J(t).
The first-order time delay relationship between the
control signal and the pressure, given in eqn (2), and
the relationship between the normalized friction force
and the pressure, given in eqn (3), are also used as
constraints. In the formulation, however, these equations will be solved numerically using Newmark's /3
method, with /3= 1/6, as shown below and these
numerical solutions will be used as constraint:
At 2

x(t) = x ( t - A t ) + 5¢(t - A t ) A t + 5~(t - A t ) - -

2

At 2
+ (~(t) - ~(t - A t ) ) 6

At 2
a=b=

(5)

At)At 2

2T
[/ c 2 A t
2 T + At \ f f
+ f ( t - At)"

+ lj'(t - At)At)
To minimize the objective function J ( t ) , given by eqn
(4), subject to the constraints given in eqns (7) and (8),
the following Hamiltonian H is established, by introducing the Lagrangian multipliers Al and A2:
H = qax2(t) + q f f 2 ( t ) + ru2(t)
+ A1 (x(t) - a f ( t ) , sgn(k(t)) - b~o(t) - dl (t - A t ) )

+ A2(f(t) + cu(t) - d2(t - A t ) )

(9)

The necessary conditions for minimizing the objective
function J(t), subject to the constraint equations, are
aH
Ox = 0;
OH

OA2

OH
Of = 0;

OH

O--u-= 0;

OH
OAl = 0;

= o

(10)

Substituting eqns (lO) into eqn (9) yields the optimal
pressure control signal:
u(t) = F f f ( t ) + Fax(t ) . sgn(k(t))

where the control feedback gains Ff and F a are given by
Ff = cqf;
r

Fa = ca qd

and the displacement, x(t), and normalized friction
force, f ( t ) , are used for feedback purpose. Note that
sgn (k) can be obtained from the displacement signal
without the need to measure the velocity. The friction
force is difficult to measure by a sensor, but the signal
from the acceleration sensor 15~(t)+~0(t)l can be used
instead of f ( t ) for a rigid structure. Therefore, the
control signal is given by
(13)

Equation (7), along with the stick-slip conditions and
eqns (8) and (13), are used to model the system.

At)At

+ (j(t) - j ' ( t - At))--7

(12)

r

u(t) = Ff(l.~(t ) + ~0(t)l ) + FdX(t). sgn(~(t))
f(t) = f(t - At) + f(t-

(1 l)

(6)
Control algorithm - - Stick-Slip (SS)

Substituting eqns (5) and (6) in eqns (I)-(3):
x( t) = af( t) . sgn(:t(t)) + b~o( t) + dl ( t - At)

(7)

f ( t ) = - c u ( t ) + d2(t - At)

(8)

In the development of the algorithm SS the stick-slip
phases are given due consideration by using a hysteretic
model for sliding interfaces. 1° The model is based on the
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following differential equation proposed by Wen: 24
3) = (:t - "7:~y2 . sgn(ky) -/3jcy2)/Y

(14)

where sgn = signum function; y = hysteretic dimensionless parameter; 3' a n d / 3 are dimensionless parameters;
and Y = shear displacement of friction interface
material before sliding commences.
The friction force normalized with respect to the mass
of the structure is represented as follows:

in which A-r = 2At; At = time step of integration; and
kl, k2, k3, k4 are vectors defined as follows:
k, = {g[z(t - 2 A t ) , f ( t - 2At)] -4- wS/0(t - 2At)}(3xU
k2 = {g[z(t - 2At) + k l A t , f ( t - At)] + WS/0(t - At)}(3xl )
k 3 = {g[z(t - 2At) + k 2 A t , f ( t - At)] + wS~0(t - A/)}(3xl )
k4

=

{g[z(t - 2At) -4- 2 k 3 A t , f ( t ) ] -4- wJc0(t)}(3xl)

Equation (21) can be rewritten in the following form:
(15)

ff = #gy=fy

z(t) = d(t - 2 A t , t - A t ) + ( A t / 3 ) [ b f ( t) + wS~0(/)]
where # = coefficient of friction; g = acceleration due to
gravity; and y = hysteretic dimensionless parameter,
bounded by -4-1, which accounts for the stick-slip
conditions instead of the signum function.
Equation (1) can be reduced to two first-order
differential equations as follows:
-~l = x2

(16)

Jc2 = -5~ 0 - f y

(17)

Equation (14) can be expressed in terms of the state
variables x2 and y as follows:
)~ ---- (X2 --

"Yx2y 2 •

sgn(x2y) - - / 3 x 2 y 2 ) / Y

(18)

The state variables in eqns (16)-(18) can be combined
in the state vector:

z(t)=

/ xl}
x2

(19)

Y
Equations (16)-(18) can be represented by the
following nonlinear matrix equation:
~.(t) = g[z(t),f(t)] -4- w5¢0

(20)

where
g[z(t)] =

- f(t)y(t)

(x2 (/) - ' 7 x 2 ( t ) y 2 ( t ) . s g n ( x 2 ( t ) y ( t ) ) - / 3 x z ( t ) y 2 ( t ) ) /

w=

where

b =

/

-y(t-

o

2At) - 2Atk~3'1)
0

}
(3xl)

in which k~3'1)= element (3,1) of vector k3; and
d(t-2At, t-At)
includes all the terms in eqn (21)
excluding the second term, in square brackets, on the
right-hand side of eqn (22).
In eqn (20) the vectors g[z(t),f(t)] are functions of the
state vector z(t) and the normalized friction force f ( t ) .
Hence the vector g[z(t),f(t)] is evaluated by substituting
the elements xl, x2, y of the vector z(t) a n d f ( t ) . In order
to evaluate the vectors g [ z ( t - 2 A t ) + k l A t , f ( t - At)],
etc., the elements of the vector z(t - 2At) + k l A t are
used in place of the elements of the vector z(t), and
f ( t - A t ) in place o f f ( t ) .
In deriving the control algorithm the following
equations are used as constraints when minimizing the
objective function: (i) the numerical solution of the
equation of motion, i.e. eqn (22); and (ii) the numerical
solution of the first-order time delay relationship
between the control signal and the normalized friction
force, obtained by substituting eqn (3) into eqn (2). The
equation obtained by substituting eqn (3) into eqn (2) is
as follows:
(23)

j'(t) = ( l / T ) (c2 - clu(t) - f ( t ) )
(3xl)

This can be solved numerically using the fourth-order
R u n g e - K u t t a method as follows:

/ °}

f ( t ) = f ( t - A t ) -4- (Ar/6)[N1 + 2N2 -4- 2N3 + N4]

--1

0

(22)

(24)

(3xl)

The first-order nonlinear matrix equation (20) can be
solved using the fourth-order R u n g e - K u t t a method as
follows:

in which AT = 2At; At = time step of integration; and
N1, N2, N3, N4 are defined as follows:
N1 = (1/T){c2 - ClU(t - 2At) - f ( t

- 2At)}

N2 = (1/T)(c2 - C l U ( t - A t ) - ( J ( t - 2At) -4- U l A t ) }
N3 = (1/T){c2 - clu(t - A t ) - ( f ( t - 2At) -4- N2At)}

z(t) = z(t -- AT) -4- (Ar/6)[kl -4- 2k2 -4- 2k3 -4- k4]

(21)

N4 = (1/T)}c2 - ClU(t) - ( f ( t - 2At) -4- N32At)}
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Fig. 3. Comparison of measured and simulated responses, using algorithm SS, under 1940 NS El Centro earthquake input (300 Gal).
The responses shown are: response acceleration of the rigid structure; sliding displacement of the rigid structure; pressure in the
bearing fluid chamber; and pressure control signal from the computer. 1 Gal = 1 crn/s2.

Equation (24) can be rewritten in the following form:
At

f(t) = df(t - 2At, t -- At) - c l u ( t ) - ~

(25)

by minimizing the following time dependent objective
function J(t) at every time instant, t, for the entire
duration of an earthquake:

J ( t) = zT(t)QdZ(t) + Q f f 2( t) + Ru2 ( t)
where d f ( t - 2At, t - At) includes all the terms in eqn
(24) excluding the second term on the right-hand side of
eqn (25).
The optimal pressure control signal u(t) is determined

(26)

in which Qd is a 3 x 3 positive semi-definite weighting
matrix, the weighting coefficient Of is non-negative, and
R is positive.
To minimize the objective function J(t) given by eqn
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Fig. 4. Comparison of measured and simulated responses, using algorithm CS, under 1940 NS El Centro earthquake input (300 GaD.

(26), subject to constraints given by eqns (22) and (25),
the following Hamiltonian H is established, by introducing the Lagrangian multiplier, vector Al, and A2:
H = zT(t)Qdz(t) + Qff2(t) + Ru2(t)

The necessary conditions for minimizing the objective
function, d(t), subject to the constraint equations, are
the following:

-~-= O;

OH

OH
oI : o;

OH
OA1 = 0 ;

OH
=0
0A2

OH

= o;

+ AlX{z(t) - d ( / - 2At, t - At) - (At/3)[bf(t) + w~0(t)]}
{
At}
+ A2 f(t) - df(t - 2At, t -- At) + clu(t) ~

(27)

(28)
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Substituting eqns (28) into eqn (27) yields the optimal
pressure control signal:
At
At2 T
U(t) = C1 3 - ~ Q f f ( t ) + c I 9 - ~ b QdZ(t)

(29)

The weighting coefficient R = 1. The weighting
coefficient Qf and weighting matrix Qd are chosen
such that gain constants identical to constants Ff and Fo

in eqn (13) result, with displacement Xl(t ) and the
normalized friction forcef(t) as feedback. The values of
Ff = 0.098 N~mm 2 (1 kgf/cm 2) and Fa = -4-413 N/mm 2
( - 4 5 k g f / c m ) were used by Feng et al. 12'18 in their
experiments. Since the structure considered is a purely
sliding rigid structure without recentering springs, the
absolute value of the acceleration [~(t) + ~0(t)[ is used
instead of the normalized friction force f(t), similar to
eqn (13).
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EVALUATION O F C O N T R O L A L G O R I T H M S CS
AND SS
The control algorithm SS is implemented on the model
structure tested on a shaking table by Feng et al. 12']8 The
model, representing a rigid structure, consisted of a steel
frame and steel weights. The total weight of the model
was 120 kN (12 tonf). The model was supported equally
by four friction controllable sliding bearings. The sliding
interface of the bearing was brass sheet sliding material
on stainless steel plate (see Fig. 2). The rubber O-ring
used to seal the fluid chamber was 5"7 mm in diameter.
The area of the sliding interface was 8600 mm 2, and the
vertically projected area of the fluid chamber was
5770 mm 2. No restoring or recentering spring was used
in order to study the effect of friction force only;
The pressure control signal was confined between
Umax = 4"413 N / m m 2
(45 kgf/cm 2)
and
Umi n =
0.9807N/mm 2 (10kgf/cm2). The time constant T in
eqn (2), identified in the experiments by Feng et al., 12'18
was Ti =0"029s under increasing pressure, or
Td = 0 . 0 3 5 s under decreasing pressure. The coefficient of friction,/z, and hence the normalized friction
force, f, varied linearly with pressure and are given by

eqn (3). The coefficients in eqn (3), found experimentally, i.e. cl = 101"97mm3/s2N (2"4cma/s2kgf) and
c2 = 1240mm/s 2, result in a coefficient of friction
# = 10.2% at a pressure of 0"9807N/mm 2 (10kgf/
cm2), and # = 1.6% at a pressure of 4.413N/mm 2
(45kgf/cm2). Furthermore, it was found by Feng
et al.12'18 that eqn (3) is valid at a sliding velocity of zero
and that the normalized friction force depends on the
sliding velocity, also, in addition to the pressure. The
variation of friction with sliding velocity was found to
follow the relationship

f = f o . k2/(x 2 + k2)

(30)

where f0 is the normalized friction force at zero sliding
velocity and is given by eqn (3), and k = 1.1 mm/s. It is
to be noted that Feng et al. 12,18 found in their
experiments that despite the development of control
algorithms on reduced-order models, ignoring the
influence of sliding velocity on the friction force, the
control performance was satisfactory.
Response to E! Centro excitation

The measured results from the shake table experiment

Table 1. Comparison of simulations with experimental results

Xo
(Gal)
(cm/s ~)

Deck
response
accel,
x
(Gal)
(cm/s ~)

Deck
relative
displ,
x

Pressure
in fluid
chamber
p

Peak
control
signal
u

(mm)

(N/mm 2)

(N/mm 2)

Experimental results
E1 Centro
Hachinohe
Taft

308.1
293
268

92.2
104.4
95.81

64.65
76.25
66.92

4.301
4.349
4.332

4-520
4-505
4.505

Control algorithm CS
E1 Centro
Hachinohe
Taft

308.1
293
268

87.43
102.1
93-2

66.62
74.02
68.52

4.413
4.413
4.413

4.413
4.413
4-413

Control algorithm SS
El Centro
Hachinohe
Taft

308.1
293
268

88.3
103.5
95.32

65.2
75"56
66.26

4.413
4.413
4.413

4.413
4.413
4.413

Earthquake

Table
accel,

Control of structures with friction controllable sliding isolation bearings

by Feng et al. 12'18 for 1940 NS E1 Centro earthquake
input, with peak table acceleration of 300 Gal (1 Gal =
10mm/s2), are presented in Fig. 3. This figure shows
the response acceleration of the rigid structure, the
sliding displacement of the rigid structure with respect
to the shake table, the pressure in the bearing
chamber, and the control signal. Figure 3 also
shows the simulated response using algorithm SS
with a time step At = 0.01 x 10-4s, Y = 0.0254mm,
-y=0.9, and fl=0-1. Figure 4 shows the simulated
response using algorithm CS with a time step
At = 0.002s. A comparison between the simulated
results, using both control algorithms, and the
measured results indicates good agreement, which
demonstrates the accuracy of the analytical model
and the control algorithms. The peak structural
response acceleration, shown in Fig. 3, is significantly
less than the input acceleration of 300 Gal. The peak
structural response acceleration is bounded by the level
of friction at the sliding interface, regardless of the input
acceleration.
Figure 5 shows a comparison between the simulated results using the two algorithms, CS and SS.
In Fig. 5 a negligible difference appears to be present
between the response simulated using the two control
algorithms. Hence to evaluate the effect of stickslip phases on the structural response, the frequency response function for acceleration (i.e., the
ratio of the rigid superstructure acceleration to the
shake table acceleration) is examined in Fig. 6.
The frequency response functions in the case of
algorithms CS and SS are compared to that of
the experiment. Note the significant reduction in
acceleration and hence the seismic force transferred,
over the whole frequency range. Close examination of
the frequency response functions in Fig. 6 indicates that
the algorithm SS captures the response in the high
frequency region (indicated by arrows in Fig. 6 between
4 and 10Hz), resulting from stick-slip phases, more
accurately than does the algorithm CS. This is to be
expected, since the algorithm CS assumes continuous
sliding.
It can be concluded from the aforementioned
observations, and from the test results of Feng
et al. 12'18 that both algorithms will yield comparable results for rigid structures; however, algorithm SS is more accurate in the case of flexible
structures.

Response to various earthquakes
Further comparisons of results of the two algorithms
and the experimental results, for Hachinohe NS
and Taft N21E earthquakes, are shown in Table 1.
As evident from Table 1 both algorithms yield
comparable results because the structure considered is
rigid.
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COMPARISON WITH PASSIVE SYSTEM
RESULTS
Comparisons of results from the hybrid system and
from the passive sliding system without control have
been presented by Feng et al. 12'18 It was found that the
hybrid system was effective in reducing the acceleration
further than the passive system and was also effective in
restricting the sliding displacement within acceptable
limits.

CONCLUSIONS
In this paper a new control algorithm (referred to
as algorithm SS) has been developed specifically
for friction controllable sliding isolation system
accounting for the stick-slip phases. Feng et al. 12,18
developed and experimentally and analytically investigated a friction controllable sliding isolation
system: they developed the control algorithm
(referred to as algorithm CS) with the assumption
that the structural motion is always in the sliding
phase.
The developed control algorithm SS has been used
to evaluate the limitations of the continuous sliding
assumption and to evaluate the effects of stick-slip
phases. The main conclusions of the evaluation are as
follows:
(1) Comparisons between the simulated results,
using the two algorithms CS and SS, and the
experimental results indicates good agreement, implying that the analytical model and
control algorithms represent the actual system
satisfactorily.
(2) It is found that the control algorithm SS captures
the response in the high frequency range,
resulting from stick phases, more accurately
than the control algorithm CS, which is to
be expected because of the continuous sliding
assumption in the algorithm CS. The control
algorithms yield comparable results for rigid
structures; however, algorithm SS is more
accurate in the case of flexible structures.
(3) Significant reduction in seismic force transfer occurs because of the friction controllable sliding isolation system: the peak structural
acceleration is reduced significantly; significant acceleration reduction occurs over the
whole frequency range; and the sliding displacement is restricted within acceptable limits.
The peak structural response acceleration
is bounded by the level of friction at the
sliding interface, regardless of the input
acceleration.
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